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$p>0$ $k$ $(q+1)$ ( $q$ $p$ ) Fermat
$V=\{X_{0}^{q+1}+X_{1}^{q+1}+\cdots+X_{n}^{q+1}=0\}\subset \mathbb{P}^{n}$
$0$
(i) (supersingularity): $\dim V=n-1$ cohomology
algebraic cycles classes span $\circ$ $V$ $(n-1)/2$
classes span ([T], [Sh], [Sh-K]) $\dim V$ 3
$V$ $(n-2)/2$ cylinder
$H^{n-1}(V, \mathbb{Q}_{l})arrow H^{1}(F, \mathbb{Q}_{l}(-(n-2)/2))$
( $F$ parametrize $\circ$ )
(ii) (unirationality) : $n$ 3 $\mathbb{P}^{n-1}$ $V$ dominant
$q+1\equiv 0mod m$ $(q+1)$ Fermat $m$
Fermat m Fermat
($\dim V=n-1$ , [Sh], $[Sh- K]_{\text{ }}$ $[Sch]_{\text{ }}$ )
(iii) moduli constancy : $V$











. $X=(X_{0}, \ldots, X_{n}),$ $A=(a_{\mu\nu})$ (1) $X\cdot A\cdot {}^{t}X^{(q)}=0$
( $(q)$ $q$ )





$\mathcal{F}$ open dense subset $\circ$
$\mathcal{F}$ base locus $(q+1)$ Fermat
2. Main Theorems.
Theorem 1. $V\subset \mathbb{P}^{n}$ $(q+1)$ Fermat $g_{1},$ $\ldots,$ $g_{r}\in PGL(n+1, k)$
general $n\geq r^{2}+2r$ $\mathbb{P}^{n-r}$
$W=g_{1}(V)\cap\cdots\cap g_{r}(V)$




Theorem 2. $n\geq r^{2}+3r$ $P^{\nu}\equiv-1mod m$ $\nu$
$r$ $m$
$\sum_{\nu=0}^{n}b_{i,\nu}X^{m}=0$ $(i=1, \ldots, r)$
$b_{i,\nu}$ general





$p>0$ $\mathbb{P}_{k}^{n}$ $k$ $r$ $L$
$\mathcal{F}_{L}$ (1) $L$ variety
$\mathcal{F}_{L}$ $k$ $(n+1)^{2}-(r+1)^{2}-1$
Theorem 3. $n\geq r^{2}+r+1$ $\mathcal{F}_{L}$ $r$ $\mathcal{F}_{L}\cross\cdots\cross \mathcal{F}_{L}$
open dense subset $U$ $K/k$
$U$ K-valued poin $t$ $r$ $V_{1}$ , . . . , $V_{r}$ $W=$
$V_{1}\cap\cdots\cap$ $K^{1/q^{r}}$ purely inseparable degree $q^{r(r+1)/2}$
dominant rational map $\mathbb{P}^{n-r}$ $arrow W$ $\circ$
1 3
Lemma. $k$ $n\geq r^{2}+2r$ $V_{1},$ $\ldots,$ $V_{r}\in \mathcal{F}$
$W=V_{1}\cap\cdots$ $r$
3. Outline of the proof of Theorem 3.
$r$
$E$ $m$ $M$ $E$ $F$
dominant rational map $\mathbb{P}^{m}\cdot\cdotarrow M$ ( $F$ )
$M_{F}$ $:=Mx_{SpecE}SpecF$ $F(M)$ $F$ purely transcendental
$F(t_{1}, \ldots, t_{m})$
$M_{F}$ $F$ $N$ fiber space
generic fiber $F(N)$ $M$ $F$ im-
ply
$V=$ $\{ \sum_{\mu,\nu=0}^{n}a_{\mu\nu}X_{\mu}X_{\nu}^{q}=0 \}$
$Q=(Y_{0}, \ldots, Y_{n})$ $V$ $T_{Q,V}$
$\sum^{n}(\sum^{n}a_{\mu\nu}Y_{\nu}^{q})X_{\mu}=0$
$\mu=0\nu=0$
$\mathbb{P}^{n}$ $R=(Z_{0}, \ldots, Z_{n})$ $V$ polar
divisor $\{Q\in V ;T_{Q,V}\ni R\}$
$P_{R,V}=$ $\{ \sum_{\nu=0}^{n}(\sum_{\mu=0}^{n}a_{\mu\nu}Z_{\mu})^{1/q}X_{\nu}=0 \}$
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$T_{L,W}=\{(Q, R)\in L\cross \mathbb{P}^{n} ; T_{Q,W}=T_{Q,V_{1}}\cap\cdots\cap T_{Q,V_{r}}\ni R\}$
$R$ $\phi^{-1}(R)=L\cap P_{R,V_{1}}\cap\cdots\cap P_{R,V_{r}}\neq\emptyset$ the
second projection $\phi$ : $T_{L,W}arrow \mathbb{P}^{n}$ degree $q^{r}$ purely
inseparable morphism ( general $R$ $\phi^{-1}(R)$
set theoretical 1 $\phi$ purely inseparable )
$\phi^{-1}(W)$ $K^{1/q^{f}}$ $Q\in L$ the generic point
$\sigma)$ q-th root
$SpecK(L)^{1/q}arrow L$
the first projection $\phi^{-1}(W)arrow L$ $Q$ fibre
$Z$ $:=\phi^{-1}(W)\cross LSpecK(L)^{1/q}$
$K’$ $:=K(L)^{1/q}$ $\phi^{-1}(W)$ $K^{1/q^{r}}$
$Z$ $(K’)^{1/q^{r-1}}$ $(K’)^{1/q^{r-1}}$ $K^{1/q^{r}}$
purely transcendental $\circ$ $(\dim W=\dim\phi^{-1}(W)=n-r$ ,
$\dim Z=n-2r$ , trans. $\deg_{K^{1/q^{f}}}(K’)^{1/q^{r-1}}=r$ )
$Z$ $K’$ $(n-r)$ $T_{Q,W}$ $r$
$T_{Q,W}\cap V_{i}$ $(i=1, \ldots, r)$ $(x_{1}, \ldots , x_{n-r})$ $T_{Q,W}$ $Q$
affine $T_{Q,W}$ $V_{i}$ $Q$
$0$ 1 (1)
$K’$ $K(L)$ $q$ $T_{Q,W}$ $V_{i}$
(2) $f_{i}(x)^{q}+h_{i}(x)=0$ ( $f_{i}$ 1 , $h_{i}lh(1)$ $q$ )
$Q$ general
$T_{Q,W}$ line $T_{Q,W}\cap V_{i}$ $Q$ $q$ 1
$D$ $Q$ $T_{Q)}w$ lines variety
$\pi$ : $T_{Q,W}$ . $arrow D$ projection $D$ $K’$ $(n-r-1)$
$(x_{1}, \ldots, x_{n-r})$ $\pi$
$Z$ $D$
$\frac{h_{1}(x)}{f_{1}(x)^{q}}=\cdots=\frac{h_{r}(x)}{f_{r}(x)^{q}}$
variety $Y$ birational $Y$ $r-1$ $(2q-1)$
(3) $U_{i}$ $:=\{f_{i}^{q}h_{r}-f_{r}^{q}h_{i}=0\}$ $(i=1, \ldots, r-1)$
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$G$ $D$ $(n-2r-1)$ $\{f1=\cdots=f_{r}=0\}$ $(n-2r)$
$H\subset G\cross D$ the universal
family $G$ $K$ ‘ $(r-1)$ the
second projection $pr_{2}$ : $Harrow D$ $\{f_{1}=. . . =f_{r}=0\}$ blowing
up (3) $U_{i}$ total transform $pr_{2}^{-1}(U$ the
exceptional divisor $E$ q-multiple ‘
$\tilde{V}_{i}^{(1)}$ $:=pr_{2^{-1}}(U_{i})-qE$




$V_{i}^{(1)}$ $G$ $K^{(1)}$ $:=K’(G)$ $(n-2r)$
(1) $V_{i}^{(1)}$ $K^{(1)}$
$(n-2r-1)$ $(q+1)$ Fermat $V_{i}^{(1)}$ $L$
$K^{(1)}$ $(r-1)$ $L^{(1)}$
$W^{(1)}$ $:=V_{1}^{(1)}\cap\cdots\cap V_{r-1}^{(1)}$
$W^{(1)}$ $Y$ strict transform $G$ generic fiber $Y$ $Z$
$K’$ birational $W^{(1)}$ $Z$ $(\dim Z=n-r$ ,
$\dim W^{(1)}=n-2r+1,$ $trans.deg_{K’}K^{(1)}=r-1$ 0)
$W^{(1)}\#hn_{1}=n-2r$ $r_{1}=r-1$
$n_{1}\geq r_{1}^{2}+r_{1}+1$ $W^{(1)}$
$(K^{(1)})^{1/q^{r-1}}$ $G$ $(K^{(1)})^{1/q^{r-1}}$ $(K’)^{1/q^{r-1}}$
purely transcendental $Z$ $(K’)^{1/q^{r-1}}$
4. Problems.




$V_{r}\in \mathcal{F}_{L}(\overline{k})$ $W=V_{1}\cap\cdots$ $V_{r}$
?
2. $V_{1},$ $\ldots,$ $V_{r}\in \mathcal{F}(\overline{k})$ $W=V_{1}\cap\cdots$ $V_{r}$ supersingular ?
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